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Abstract: We introduce a aon-categorical alternative to Wagner's Abstract Recur- 
sive Definitions (Wg-1,2], using a generalization of the notion of clone 
called a u-clone. Our more concrete approach yields two new theorems: 
1. Ttie free u-clone generated by a ranked set is isomorphic to the set of 
loop-represent able flow diagrams with function symbols in the set, 2. For 
every element of a u-clone there is an expression analogous to a regular 
expression. Several well-known theorems of language and automata theory are 
drawn as special cases of this theorem. 

1. INTRODUCTION 

A common facet of much recent research in computer science is the study of 
certain complete lattices. One defines so-called "algebraic" elements [Sc] in a 
complete lattice by a fixed-point equation: 

(uxeL)[x - F(x)J 

Our aim (as is [Wg-l,2] f s) is to ' 'algebraic ize" this process: to determine 
the properties of this construction so that we may recognize certain properties of 
a particular system as instances of some general properties of fixed-point systems! 
and thus concentrate our attention on the properties which are unique to the parti** 
cular system under study. 

Previous approaches to' this problem have leaned heavily upon categories, in 
particular, upon the notion of an "algebraic theory.' 1 We have felt for some time 
that the introduction of categories at best presents a pedagogical barrier to many 
computer scientists, and at worst may lead an Investigator to miss important 
results because of his imperfect understanding of the notation. We have therefore 
worked towards developing more concrete representations for these mathematical 
structures. While no doubt the most elegant mathematics will come in categorical 
language (and indeed many of our results are strongly categorical in flavor) it is 
instructive to see how much can be developed without the explicit introduction of 
category theory. 

In previous work we showed how "clones of operations" [Cj could be used 
instead of algebraic theories. Using clones we obtained a development of the alge- 
braic theory of automata entirely analogous to the string case [Wa]» a highly 
transparent proof of the theorem that every algebraic functor has a "left adjoint, 
and a Jordan-Holder Theorem for the eminently nonabelian category of theories. 

In this paper, we apply these techniques to the study of "abstract recursive 
definitions." In Secticn 2, we define our basic object of study, the u-clone, 
which is roughly Wagner's "set of meanings of an additively-closed language," In 
Section 3, we obtain a characterization of free y-elones in terns of loop- 
representable flow diagrams, extending a theorem of Flgot JE] on finite diagrams. 
Tliis is our key result, for it enables us to prove theorems about any u-clone by 
considering only the well-known u-clone of loop-ropresentable flow diagrams 
(regular trees). Ve note that the normal form theorem of [fik] nay be obtained 
trivially in this w»y. In Section 4, we use this result to show that the general 
fixed-point operation can be replaced by a much more restricted form in which 
simultaneous equations Are eliminated. We call such a restricted form a "quasi- 
regular expression" because a fixed point on a single equation is seen to be 



analogous to the Kleenc star* Our version of this theorem is stronger than chat 
of Bekic [Bk]. We draw as corollaries several classical theorems of language 
theory which until now ware considered quite separately, 

2. DEFINITIONS 

The starting point for an algebv-lcization is the observation that the choice 
of the permissible r's is crucial. Oi;e can characterize this choice by saying 
that the F's mufct be chosen fro* some clone of continuous operations on L (ie the 
morphlsms of some theory). Then the fixed-point operation is seen as just another 
closure operation on a set of continuous functions. This leads to the following 
crucial definition: 

DEFINITION; Let L be a complete lattice with least element ]^ and for each 
niO let V n be a set of continuous functions L n ■* L. Then V • U v n ie a j^r-c lo n c of 
operations on L iff 

i) for all n, all i, 1 & 1 & n f ej * A<xi l ..,x n ) {*i) Is in V n . 

ii) for all feV n , gi,..,g n CV kl f v (gi, ...g^) - A<xi,..»x k ) [f (g! (x lt . . ,x k ) , .., 
InUii**»x^)! !■ In V k , 

ill) for all f£V nt gi, -- tgn^k-H^f rfti^nh) ■ *(xw-*tXk) [f C(m(cj . . • ,c n ) 
cLn) M £ n) [c ± - Si<Xi|..t«ktCu.. t c n )])] is in V k . 

iv) if a£V then K^a) - A<x,,.. t x n ) [a] is In V n . 

(i) and (ii) guarantee that V is a clor.c [C] (le, the (l,n) morphisma of ioc^A 
theory), (iii) is s rather general fixed-point operation. Givan x 1 ,.. > x kt one ^P 
computes (f^(gi».. >g Q ))(xi » .. »x k ) as follows: Substitute the x ; into the fixed- 
point equations 

c i * ai^ii'-p^k* !*"*^)* 

solve then, and then take f(ci»..,Cn). The Tareki fixed point theorem assures us 
that this algorithm yields a continuous function [T] , This is obviously a note- 
tional variant of the fixed-point operation of (Ug-2, Sec. II]. The last opera- 
tion of taking f of the c's is of course superfluous; it Is Included ao that all 
our functions will tske their values in L, A recurring theme in this paper will 
be the replacement of thia operation by more restricted forma, without lose in 
power. <iv) is a technical requirement which we need to provide compatibility 
with theories. He say L is the carrier of V. 

Where V Is clear, we will often omit the infix operator V in (ii), and write 
f(&li«**8tt}* If V is a y-clone, w e will sometimes write n<V) for the set V n of 
n-ary operations of V f when writing V n would be cumbersome. Ve will denote alge- 
bras by mips, eg ACF, ACh, ACr. If A is an algebra, let Car(A) and Ops(A) denote 
the carrier and operations of A, respectively. We call an algebra whose carrier 
is a complete lattice and whose operations are continuous a lattice algebra. We 
will use N to denote the set of non-negative integers. . 

u -Clones are ranked algebras in the sense of [Hi] ,* so we can define ~\i -clone 
homoraorphisms, u-clone congruences, etc., In the usual way and get all the usual 
elementary theorems. For thia paper we will only be concerned with homoraorphisms. 

DEFINITION: Let V be a p-clonc of operations on a complete lattice L, and ^P 
U be a P— clone of operations on a complete lattice M. Then a map h:V -* W is a 
M- clone homomorphism iff * 

i) if f£V n , htOctto 



: ■■ 



11) fa(«£) - •?. h(i) - 1. hO^a) - KnOtU)) 
Hi) htt v d, P .. t s^> -Cb(Q) V Ol(g]) s ., v liCv ll » 

iv) h(£^(g lT .. #8n )) - (h<f)) p (h( gl ),..,li(g n )) 

Evidently U-cloncs art cloeod under intersection, so we can talk about 
LiCl(A), the least ^clone containing the operations of a lattice algebra A, and 
construct It in the usual inductive manner* Our'first theorem la a non-inductive 
characterization of UC1{A). 

THEOREM 1: (Normal Form Lemma). Let A be a lattice algebra, fek(uCl(A)) . 
Then there exist n,fi»..»f n In Ops(A) (with fj r(l)-ary) and a function 
v:N*N t H - {01 such that if j < r(i), then v(i,]) < n+k and such that 

f - (*?) lJ (gi....Sn> 
where 

8! " Une^.j.-.e^^^j) or g, - .Jg >0 

ie, f la the flrit coordinate of the solution of a set of fixed point equations, 
each of which Involves only an operation from A composed with an appropriate tup 
of projections vhich "select" the right "inputs". 

The proof is quite easy, although ve will draw it as a corollary to Theorem 3. 
This is similar to the Basis Theorem of IWg-1 Thm 4,7]- It is called the "Normal 
Form Lemma" because it la Intimately related to normal-form theorems In language 
theory. We will do one simple example to show this connection and a slightly har- 
der one to show tfat one can study "non-standard" language features In this frame- 
work. For the rest of this section, let £ be a finite jet of terminal symbols 
and L be the complete lattice of subsets of I * (ie languages over E ). 

EXAMPLE 2.1: Three generating algebras for the context-free languages. Let 
ACh be the algebra whose carrier is L and whose operations are as follows: for 
each ae E, a 0-ary operation (a), and two 2-ary operations: union and "*" ■ 
*{S,T) I (at|seS t t€T)] By the Normal Form Lemma, we need only consider **ts of 
equations of the form 

- c ± - (a) 

Cl - cj U c k 

H - fij*«k 

This we recognize as Chomsky Normal Form. Thus 0(uCl(ACh)) is the set of con* 
text free languages over £ , Similarly we can construct ACF *nd AGr* corresponding 
to unrestricted CF grammars and Creibach normal-fora grammars. The "normal form 
theorems" of language theory are seen Co be statements of the form '^JCl(A) - some 
set of languages." Thus PCl(ACh) * uCl(ACr) ■ uCl(ACF), but Cl(ACh) - Cl(ACF) i 
Cl(AGr). So the student's intuitive notion that Chomsky's normal form theorem Is 
"easier" than Grcibach's is supported In this theoretical framework. 

EXAMPLE 2.2: Copying Rules. This framework is ideal "for formulating ideas 
about general operations on strings. Here we formulate the y operation of (M-W| , 
Let A have as constant operations the singletons as before, a 2-ary union, and 
n ~*ry operations 

*n* {fw|w£ll,..,n)*) 



where 



f l,...;i p <S>...,S n ) - {wi j ...W Ip |(Vk)[w k £S k ]) 



This is the algebra of "10" substitution: f,,<S) - {wvJweS}. The f's are clearly 
continuous, so we can take yCl(A). 0(yCl(A)> is a class of languages properlv con- 
tained between the context free languages and Fischer'. 10 macro languages [Pi], 
U |n > 1) is generabls, so the class is not closed under inverse homomorphlsm. 
(We have a number of results for these languages, most notable an Intercalation 
theorem which shows that U n b D c n |n>l) is not In the class. Thus copying of pro- 
per phrases is seen to be a very weak operation). This is an example of a non- 
trivial theory whose (0,1) -definitions in the given semantic domain do not form an 
AFL. 

3. FREE u-CLONES AND RATIONAL FLOW DIAGRAMS 

We assume the reader is familiar with the complete lattice of flow diagrams 
as developed in [So]. We modify his development in the following trivial ways, in 
the spirit of IE] ! 1. We replace function and predicate aymbols with a ranked 
set fl of symbols which combine functions and predicates. 2. Ue Imagine that 
rather than having a single exit, any finite branch of a diagram term-nates in a 
positive integer which symbolises the "return code" of that exit, just as a 
function/predicate exits on a apecified exit line. We are particularly concerned 
witn altering the sot of primitive symbols and permissible return codes, so we 
will use the following notations: E(Q) for the lattice of flow diagrams with sym- 
bols in fl; F n (il) for the set of finite diagrams with symbols in (1, 7 appearing ' 
only at exits, and with exits in fl... ,n); and R^fl) for the set of diagrams 
representable by loops with the same symbol and exit conventions as F_(fi). We 
refer to a loop- representable diagram as a rational diagram. 

B /frt ""*-9"J "n* 10 ^ "WUCB)- «• define R(n) to be the disjoint union of the 
Rn(fl>. R(fl) is thus a ranked set: every element has a unique arity. We similar- 
ly define the ranked set F<f» of finite diagram- as the disjoint union of the 
F n(l>). 



Conaider the algebra A whote carrier i B E(il) and which has for each feft, 
n-ary operation Cf given by Cf (d, , .. ,d n ) 



an 



eSi?" "i*> i" lVe °"" Ion co discuss C d , where d i. any n-ary flow diagram. 
;*> W i'"'Jn> tt * h8 diagram formed by attaching to each exit oi d numbered i a 

S.; dl ! era ? H' «"« ** ltfl °« ur oolv " «« «* of finite branches this 
operation Is always well-defined. 



THE0RB1 2: pCl(A) - {C d |dcH(fl)} (with the natural ranking) 

PROOF: UC1(A)C R(fl) : The proof follow* the Inductive construction of 
l.Cl(A). For each CfeOps(A), feBn<fl). C f (C g| , .. ,Cg n ) - C d , where d is the diagram 




and (C £ ) u (C 6i( . #( C gn ) - C a <, where d' 1b the diagram represented by 




(where In the induction steps, f, gl,..,gn are all diagrams already defined in 
UC1(A)>. 

B(fl) C liCl(A)! Given a rational diagram d, take any loop representation of 
it. Number the boxes in the representation l,..,n l including the exit nodes, and 
number the first box executed 1. Typical fragments of the flow chart look like: 





The fixed point equations ere 

c l- f < c Jt.... c V 
So C d - {e n ) W (g i ,..,g n ), where 

«i-C I <eK n i ,..,eKj p ) 
or fa - .J 4 * 



Because of this bijection we can speak of R{£) as "the u-clone of rational 
diagrams," It will be helpful to show some examples. Following this bijection^ 
we will often write d for C rf , 




<5 © 



EXAMPLE 3.1 
f<a<*i.*4>.h(*!)) 

EXAMPLE 3.2 reprpflcntp th« diagrams 

(Ud)Id - f(g(d p x 2 ).h(xi,d))] 

The arguments to the fixed point 
equations are (x M Xj ,(:,). So 

d- (ei) M (f(g(c!^|) > h(e? l e!))) 

EXAMPLE 3.3 

The aliorttha aives 

=i e f(ci>ca) 
ca - gUi t c 2 ) 

The argument vector is 

d - <e{) y (f{€j»el) 1 g(ef > el)) 
3y inspection , we also have 



In the last example, we see that, ir general , there are many expressions for 
the sam e {not Just equivalent) flov diagram, We will study this phenomenon in 
fftor* detail In the next cocttoo* 

We are now ready Eor our first major result: 

THEOlOt 3s R(H) Is the free n-clon* gnnantod by Q, that is: if V 1* any 
y-clone acd j Is a rank-preserving map j :ft ■* V, then J extends uniquely to a 
lactone homomorphism ]*:R(ft) * V. 

PROOF: We extend j to J* as follows: 

i) if fefl, j*(f) - j(f>; j*(J.) - i 

lii) if d,, B .,d n Er k (n) and frf^, 

J*(f(d p .. p d n )) - (J(f)) v (]*(d l ) > .,]*<d n » 

iv) if d 1 ,..»di... t cfl k (l]), then 
J*(Uid 1 ) ■ Ui1*(di) 

(i) ~ (iii) extend j to a well defined map on F(B) . Further, j*|F(ft) is a 
Dim homcoorphism P(Q) + V, is. If d eF n (O), d,,,* f iL F R (R) a then 
J*(Md|,..,d n )) - (J*(d ))*U*W|),..j*(d n )>, since tffi under coaposition is 
clearly isomorphic to the ranked set of ft-trces under substitution, which is just 
the free clone generated by Q, We note that sach approxiroant (in the sense of 




> 



[Sc, Sec. 3]) to ■ rational dlagraa Is in P(fl) (ie, it has no enbedded J/a). This 
is enough to ahow that j* la well defined on R(fl). 

He must nou ahow that J* la a U-clone homonorphlen. From that it also fol- 
lows that the image of J* is in V. J* ia clearly rank preserving snd preserves 
projections and J_. It also preserves compositions on P(0). To show that it pre- 
serves composition in general, let P n (d) denote the n-th approxinunt of d. It is 
easy to see that if djCRCSi), then 

P I <dg(d,,..,d n ))C (Pi<d )>(Pld I >...,P i (d n ))£P Ji (d (d ll ..,d n )) 

This gives the second equality in 

j*<d„ «,,..,<!,,)) - J«<U l P l Cd a (d 1 ,..,d n )» 

- i«(U 1 ((Pi(d 9 ))(Pi(d 1 ),..,P 1 (d n »)) 

- U i3*((PiW, ))(PiCd, ) . .. .Pi(d n )» 

- Ul(4MPl<<i,)>KjMPi<d 1 >>....J*(Pi<d n ))) 

- (UiJ*CPi«o))) (U 1 J*(P 1 (d,)),..,Ui3-(PiW n ))) 

- ti*(UiPi«o») V C3*(U i Pi(d 1 »...,j*(U 1 Pi(d n ))) 

- (j*<d,)) v ()*(d 1 ),.. l ]*<d n )) 

(The fifth equality follows from the fact that U is a closure operation In 
1L * LI). To show that j" preserves fixed-point, for any clone V define a func- 
tion C:{1, ,.,n)xWx(VY > n -» V k by induction on the second argument, as follows: 

CCh.0.g 1 ...,g n ) -1 

C(i,p+l,g,,..,g n ) - R ,(e, ...,« k ,C(l,n,gi,..,8 n ),..,C(n lP ,g 1 ,..,g n )) 

Taraki's fixed point theorem then yields that 

E y (gi.--.8n) ■ nU p C(l,p,g | ,..,g n ),..,UpC(n,p,8 l ,..,g n )) 

Furthermore, fron the properties of j* already known, it Is easy to prove by 
induction on p that 



and 

So then 



J*<cu,p,d ll ..,d ll )) ■ c(i,p,j-(d,),..,j»<d n >) 
c(i,p,g, , . . ,g n ) £ cu.p+i.g, n ) 



j*(d t u (d 1 ,...d n )) - j*(d {U p C(l,p,d 1 ,..,d n ),..,U p C(n,p,d 1 ,..,d n ))) 

- 0*W t ))(J*(U p O<l.p,d 1 ..-,d n )),-.,i*(U p C(n,p 1 d 1 ....d n ))> 

- (J*(d B ))(Upj*(C(l,p,d 1 ,..,d n )),..,Upj*(C(n 1 p 1 d 1 ,.. t d n ))) 

- (3*(d ( ))(UpC(l,p,j*(d 1 ),..,j*(d n )),..,U p C<n,p,j*(d 1 ),.., 

3*(d n ))) F 

- (j*(d fl )) u u*(dj),..,j*(d n n. 

Last, we must shov j* is unique. It will suffice to Jtftow rh-r if h ia a 
li-clone homooorpbism R(Q) * V* then h » (h|Sl)*. This follows by an easy induction 
on the iterative construction of MCI (A). QED. 

Wc are nov able to prove theorems about any l'-clone by considering only the 
y-cloM of rational flow diagrams. For example, the Koraal Form Lemma follows 
immediately iroa the construction of the second half of the proof of Theorem 2 
(Coapare, for example, the lengthy proof of (Bk)>, In the next settion we show 



some of the power of this technique. We conclude this section with a technical 
result we will need to apply the theorem. 

COROLLARY: Let RS denote the forgetful functor Bonding any y-clone to the 
ranked set of its operations. Then there la a natural injective y-clone homo- 
morphism j:V + R(RS(V» 



« 4 TOO NORMAL FORM THEOREMS AND THEIR APPLICATIONS 

In this section we apply Theorem 3 to get two more normil form theorems for 
the p-clone of a lattice algebra. Our first theorem, which was also discovered 
by Bekic [Bk], Is a "Currying Lemma" for the fixed-point operation: It says that 
any simultaneous iteration (e n )^(f t> ., »f n ) can be replaced by a sequence of itera- 
tions involving only a single equation. Our second theorem strengthens this 
result by specifying that the only permissible functional compositions be of the 
form g(ti,..,t n ), where gCOps(A). We conclude with a series of corollaries, 
including several classical theorems, 

NOTATION: We write Y(f) for (el) W (f). 

LEMMA 1: Let A be a ranked alphabet. Let 81 »• - .gn cn k+n' 1 ** n ln R(ii > 
(eP)%i— >gn> ■ 

frr*?^*^-*- Memv» 

PROOF: The left-hand side represents the flow diagraa represented by 




( R ) 

V^L.k k +1. .kf-y * 



©0 



^«nd the right-hand side represents the flow diagram represented by 




The second flowchart is obtained from tlie first by making separate copies of the 
g n box for each of g? a ..»g n -i < These both clearly represent the unique flow die* 
gram in R(Si) which starts with & and which has the property that immediately 
below each node is the tuple of nodea maiked exits 1, . . 9 k f $i , . > ,g n . 



LEMMA ::: Let V be a p-clone, f , , . ., E Q i v : ,.< ,. . Then 

PROOF: Let i be the natural insertion V + R(RS(V)). Then J of the left-hand 
side equals j of the right-band side, applying Lemma 1 in R(RS(V; . Then the 
lcn«a follovs since J is an injection. 

.— THEOREM 4: (Hi'kic) Let A be a lattice algebra,feyCl(A). Then there Is an 

expression for f in which the only occurrences of y are of the form (eD^Cg)- 

PROOF: Call an occurrence of V Rood iff it is of the allowable form; call an 
eleaent of UC1(A) good iff it has an expression in which every occurrence of is 
_ good. If gi«-*.g n are good, then h - («?) li (gi *- . >g n ) *» good, by induction on n: 
If n ■ 1, h Is good by definition. If n * p+1* by Lemna 2 there exist good 
f lf .. t f p such that h - <ef- l }* J (f ) ,..,fp), which Is good by the induction hypo- 
thesis. Nov by Theorem 1* for every feyCl(A) there exist g la ..»g n which are good 
(indeed, they have no occurrences of U) sucn that f » (e n ) ll (g l , - -»g n ) - Q^O* 

LQtlA 3. Let fe« n+l ,gj ». .,g n cflk. Then in R(fl) 

((Y(f))(g l ,.. >6n ) - Y(f(g l ,.. l g n ,e|£;)) 

■ 

PROOF: Both expressions represent the some flow diagram as does 

v 




ie, the unique diagram, starting with f t such that the immediate descen^ents of 
each f are g i ....g n ift and the immediate descendents of each gj are exits l.*.,k. 

LEMMA d. Let V be any y-clone, fcV n+l ,g, , - . .g n C v k- T"*" 

(Ytf))^,..^) - Y(f^S l ....gn.*K;)) 

PROOF: Apply Lemma 3 in R(RS(V)>. 

THEOREM 5: Let A be a lattice'algebra, fev » UC1<A) . Then th^re is an 
expression for f in which the only occurrences of y are of the form («{)** (t) and 
the only occurrences of are of the form g (ti»..,t n ) where gCOps(A) • 



PROOF: For an expression t satisfying Theorem A and a subexpression £' of 
the form f v (g, , • - »gi \) 1« d(t') equal the number of occurrences of v or Y in f. 
Let |tj denote the sum of the d(t') for all the subexpressions t' of the form 
f (8i***»£n)* Then the following two rules send t r*> an expression t 1 equivalent 
to t and such that | t'| < | t| . 

RULE 1: Replace a subexpression of the form ((Y(f )) V (gi , . . ,g _) (where R,fVv) 
by Y(fV( gl ,.., gn ,.|j{{» 

BULK 2: Replace a subexpression of the form (f v (g, , . . ,$ n )) v (h, , . . ,h k ) by 
f V (gi v (h 1 ,..,M.--.g n V (hi....h k )) 



These preserve the value of t by Lesaa 4 end by the definition of *. By etie 
previous observation » any sequence of applications of Rules 1 and 2 must terminate, 
leaving an expression In which sad) left-hand side of a v is either an operation 
in A or a projection. So qov apply 

RULE 3; Replace a subexpression of the fom r i(8i •••*B n ' ty fi l' i 

Since Rule 3 is lengtti-d^creaslna it too must terminate, leaving an exprea- 
slon which satisfies the theorem. QED. 

DEFINITION: ta expreision setiafyinj Theorem 5 is said to be quasi-regular . 

COROLLARY 1 (Klaene) : The regular sate and languages generated by right- 
linear gramnars coincide. 

PROOF: Apply Theorem 4 to the y-cloae generated by the algebra whose opera- 
tion* on the complste lattice of I -languages (L of Examples 2.1 and 2.2) are 
S HaS for each act - 

COROLLARY 2: The context-free languages are closed under , institution, 
symbol iteration, sad nested Iterative substitution. 

COROLLARY 3 (HcWhirter [McW}): Every context-free lan R uage is obtainable 
from the singletons by substitution, union, and symbol iteration • 

PROOF: Apply Theorem 4 to u CI (ACT). 

COROLLARY k (Cruska (flrj): Every context-free language is obtainable froa 
the singletons by concatenation! union* and symbol iteration. 

TROOTs Apply Theorem 3 to uCl(ACh), A 

COROLLARY 5 (Engeler [En]): For every flowchart 'program there is a side- 
effect equivalent flowchart program in "normal form". 

PROOK: Apply Theorem A to R(H), 
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CORRIGENDUM: 

The Corollary to Theorem 3 should read: ,f There is a natural map 
]:V ->R(RS(V)) and a natural uclone homo»orphiBin k: R(RSCV)) -> V 
such that k(j(*» - *•" 

In Section 4, the proof of Lemma 2 should read: 

"Let LHSU.,. ,»t ) and KHS(t. p .»,t ) denote the left-hand and right* 
hand expressions wi?h t. substituted Tor f . . Than 

LHS(fj t ,. t f n ) - LHS(k(j(f 1 ))»..»k(J(f n ))) (by the Corollary to Thin 3) 

- k(LHS(j(f.) p ..,j(f )) (sines k la a hoootnorphlsn) 

- k(RHS(j(£ 1 )»,.,](f n )) (by LsW 1 In R(RS(V)) ) 
-RHS(k(j(f 1 )),..,k(j(f n ») 

- RHS(f lf ..,f n )" 

The proof of Lemma 3 should refer to this proof. 



NOTE: 

In Section 1 vc ssld "It Is Instructive to see hov much can be 
developed without the explicit Introduction of category theory." 
Subsequent developments have convinced us that the results developed 
herein represent close to the limit of what can be done without 
the explicit categorization. We expect that any extension of these 
notions will indeed require categorical language. In particular, 
our Theorem 3 is a special case of a much more general theorem, which 
is proven auch more easily! 



